CHAPTER

FUNctions




PRIOR KNOWLEDGE

FORM 2: GRAPHS OF FUNCTION

* 8.1 FUNCTIONS




RELATION WHERE THE OBJECT IN THE DOMAIN HAS ONLY ONE IMAGE

RELATION WHERE MORE THAN ONE OBJECT IS MATCHED TO THE SAME IMAGE




RELATION IS THE MATCHING OF ITEMS FROM SET A TO SET B. RELATIONS CAN BE REPRESENTED BY USING :

(a) Arrow Diagram

(b) Graph (c) Ordered pair
Set P
0 ‘Ordered pair, A =((1, 2), (2, 4), (3, 6), (4, 8))
8+ %
6+ x X,
i [ /( y)
24 x
——t—t> P Set P set Q
O ain iy

The function above can be written with function notations as follows:

f: X - 2x . Read as ‘functionf maps x to 2x

f(x) = 2y Read as ‘ the function f of x isequalto 2x




SETP =1{9,16,25,36} IS THE DOMAIN AND THE ELEMENT IS THE OBJECT,

SETQ =1{1,3,4,5,6} IS THE CODOMAIN.

THE ELEMENT IN SET Q THAT IS MATCHED TO THE OBJECT IN SET P IS THE IMAGE.
SET {3,4,5,6} IS THE RANGE OF THE FUNCTION.




FORM FOUR

‘ & inputs

outputs

1.3 INVERSE FUNCTIONS

1.2 COMPOSITE FUNCTONS
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A function is a correspondence or mapping between the

element of two sets such that each element in the first set
corresponds to one and only one element in the second set

1 > 3 ( \\
3 \ - { 7 Each element x in set X is mapped
5

/ \ to one and only one element y in
> 11
setY

&




1.1 FUNCTIONS

‘ How to determine whether a graph of a relation is a function or not ‘

‘ We can use vertical line test ‘

>

1 Vertical
line test

The graph of h
is a function.

4

/

> X

>

H )
o Vertical
o line test

> X

y
| Vertical

line test
N

The graph of h
1s not a function.

S

ﬁertical

+ line test

10

> X

>

Vertical
line test

Not function




1.1 FUNCTIONS EXPLAINING FUNCTION BY 2
(

GRAPHICAL REPRESENTATION AND ;{f;}
=
‘Graph of f(x) = —x’_cl ‘ NOTATION

X

y The diagram shows the graph of the function f(x) = — When
A x - 171, that is x approaches 1 from the left,f (x) = —oo, thus the

value of f(x) decreases non-terminating.

When x — 1*1, that is x approaches 1 from the right, f(x) — o, thus
the value of f(x) increases non-terminating.

This implies that the graph will approach but will never touch the line
x = 1. Therefore, this function is not defined at x = 1.

-




1.1 FUNCTIONS

‘ Graph of f(x) = |x| ‘

EXPLAINING FUNCTION BY

GRAPHICAL REPRESENTATION AND
NOTATION

xif x>0
xi={
xif x <0

Thus, when x = —2,|-2| =2

And when x = 2,|2| =2

o't

The graph of a LINEAR OBSOLUTE
FUNCTION such as

flx) = |x|

Has a V shaped .



EXAMPLE 1

f(x) = 2x —4 ory = 2x — 4 is the equation of
a straight line.

Gradient of a straight line = 2

y-intercept = -4

wheny=0 2x—-4=0

2x =4
X =2
0 2
-4 0

f(@)

A

fx)=2x—4

v
=

fﬁx)
P f(x) = |2x — 4]
a "X

f(x) = |2x — 4] is an absolute value function.

The graph can be obtained by reflecting the =
Negative part of the graph f(x) = 2x — 4 Q’?
(w
et
&

In the x-axis.



1.1 FUNCTIONS

‘ DITERMINING THE DOMAIN, CODOMAIN AND RANGE OF A FUNCTION

Domain — the set of possible values of x which defines a function.
Range — the set of values of y that are obtaines by substituting all

the possible values of x.

Discrete function Continuous function

S(x) f(x)
A A
eh 5 Range
N $---mmmmea- - i '
= :
H — . > X > X
0 Domain 0l [«<~Domain—>




1.1 FUNCTIONS

DITERMINING THE DOMAIN, CODOMAIN AND RANGE OF
A FUNCTION

Domain = {1, 2, 3, 4}
Codomain = {3,5,7,9, 11}
Range = {3,5,7, 9}

Domain Codomain



DITERMINING THE DOMAIN, CODOMAIN AND RANGE OF A FUNCTION ‘
5

Discrete function Continuous function gj

flx)

4 . o

1.1 .
FUNCTIONS o

Domainof fis0 <x <3
Codomainof fis 2< f(x) <6

Rangeof fis2 < f(x) <6

Domain = {—2,0,1,2,3,4}

Codomain {1, 2,3, 4,5}
Range= {1.2.3.4.5}




1.1 FUNCTIONS

EXAMPLE 2

SOLUTION

Given the functionf:x — 3x — 8, find
(a)the image of 4,
(b)the object that have the image -14

f(x) =3x—8

(a)Whenx =4, f(4)=3(4) — 8
=12 - 8
=4

(b)When the function f have an image -14, it means that f(x) = —14

When f(x) = —14
3x —8= —14

3x = —6

X = —2

)

T



1.1 FUNCTIONS

EXAMPLE 3 Given the function f:x — x% — 4x — 1, find
(a)the image of 2,
(b) the objects that have the image 4

A

&

a

—

SOLUTION

(a)f : x > x* —4x — 1 ||(b) When the function f has an image 4, it means that f(x) = 4
f(x) = x*—4x—1

When f(x) = 4
x4 —4x —1=4
When x = 2 x? —4x —5=0 CHANGE TO GENERAL FORM
f(2)=24-412) -1 (x+1)(x—-5)=0
=4—-8-—-1 x+1=0 ,x—-5=0

= —5 x=-1,5




1.1 FUNCTIONS

EXAMPLE 4 The diagram shows the graph of the function

¥
1 | A
f(x) e :
(a) State the value of k. : S
(b) Hence, find

_QO —)X
(i) the image when x = 0. ji
(ii) the object when f(x) = 5. :

SOLUTION (a)-2—k=0 (i) F(x) =5
k=—2 1
| x+ 2 >
(b) f(x) =3 5x + 10 = 1
HOES x = —2




1.1 FUNCTIONS

f()
EXAMPLE 5 The diagram shows the graph of the function f : x — |8 — 2x]| 4 fx) = |8 —2x|
for the domain h < x < 15. Given f(15) = k. G i
(a) Find the value of h and of k. i
(b) Find the value of x when f(x) = 0. (h,12)
(c) State the domain of 0 < f(x) < 12.
| =x
0 15
(a)12 = 8 — 2h
SOLUTION (c)I8 — 2x| = 12
2h = —4 (b)|8 —2x| =0 6 ox — 112
h=-2 2x = 8 8 — 2x = 12
4 ¥= 2
- —
|8 —2(15)| =k
|8—30|:k 8 —2x = —12
k=22 x =10
—2<x<10




1.1 FUNCTIONS

EXAMPLE 6 || Diagram shows the function ¥ 3
fix > x —2m,wheremisa
constant.

Find the value of m. is s o3

SOLUTION

f(x)=x—-2m
8=4-2m
2m = —4
m= —2




EXAMPLE 7

Given f:x = x% — 2. Find the values of x which map on to itself.

SOLUTION

fx)=x
x?—2=x
x?—x—-2=0
x+1Dx—-2)=0
x=—-1,x=2



1.2 COMPOSITE FUNCTIONS




1.1 COMPOSITE FUNCTIONS

If g is a function which maps
set XontosetYand f
is a function which maps

set Y onto set Z, then fg

isa COMPOSITE FUNCTION OF g

FOLLOWED BY f which

maps set X onto set Z



IMPORTANT NOTES
fg(x) means flg(x)]

In general fg + gf
f“=ff,f>=ffforff*andsoon.




1.1 COMPOSITE FUNCTIONS

The functions f and g are defined by f:x - 2x + 1 and g: x — x?

— respectively. Find

(a) the value of fg(3),

(b) the composite functions

() fg (i) gf

(a) f9(3) = flg(x)] (b) fix-2x+1 gix = x2 =2 (ii) gf (%)

=f(3* -2 = = x2 —
=}]:E7) ) f(x)=2x+1 glx) = x“-=2 = Glf )]

= 2) +1 ) f9(x) = g(2x + 1)

=15 = flg ()] = (2x+1)? -2

— 2 _

=f(x"=2) = 4x? +4x +1—2
— 2 _
=8 =)l = 4x2 + 4x — 1

— 2

=12x" =3 gf(x) =4x* + 4x — 1

fg(x) = 2x* -3




1.1 COMPOSITE FUNCTIONS

The functions f and g are defined by f: x = 2x + 1 and g: x = x% — 2 respectively. Find

(b) the composite functions

(iii) £2

(iv) g*

(c) the value of x if gf (x) = 23

(i) f2(x)
= ff ()
= f(2x+1)
=202x+ 1) +1
=4x + 3

f?(x) =4x+3

(iv) g% (x)
=99 ()
=g(x* - 1)
=(x?*—-2)"-2
=x*—4x?+4-2
=x*—4x%+2

g2(x)=x*—4x* +2

(©)gf(x) =23
4x% +4x —1 =23
4x* +4x—24=0
X +x—6=0
(x—2)(x+3)=0
x=2-3




1.1 COMPOSITE FUNCTIONS

(a) Find
(i) g%,

. 1
Itis giventhat g : x o X #* 0.

(i) g3, (iii)) g*.
(b) Hence, deduce g1°.

(a)(i) g*(x)
= glg(x)]

9 (3)

|
R 2Rk

92 (x) =x

(a)(ii) g°(x)

= glg*(x)]
= g(x)
_ 1
T X
g°(x) ==
(a) (i) g*(x)
= glg> ()]
=9(3)
_2
g*(x) =x

gl

(b) g*°(x) = glg*®(x)]
= @17(96)

X

The function that maps to x is an
IDENTITY FUNCTION

g*(x) =x

is an identity function.




1.1 COMPOSITE FUNCTIONS

Given the functionf (x) = 2x = 5 and g(x) = px + g, where p and q are constant.

Express p in terms of q such that gf(2) = 7.

gf (x) = glf (x)]
= g(2x —5)
=p(2x—-5)+gq
9f(x) = 2px —5p +q

Given gf(2) =7
2p(2) =5p+q =7
4p—5Sp+q =7
p=q—7

Alternative Method

gr2) =7
glfy )1 =7
g2(2)=5)=7

g(=1) =7
—-pt+q=7

p=q—7

f(2)=2(2) -5




1.1 COMPOSITE FUNCTIONS

EXAMPLE 11

Itis giventhat f:1x 2 3x—4andg:x — 2 —x.

(a) Find
(i) g(7),
(i)  the value of kif f(k — 2) = 59(10),
iy fg(x).

(b) Hence, sketch the graph of y = |fg(x)| for
-2< x < 5. State the range of y.

<)

1o



1.1 COMPOSITE FUNCTIONS

Itis giventhat f:x > 3x —4and g:x = 2 —x.

(a) Find
(1) 9(7),

(i) thevalue of kif f(k — 2) = - g(10),

i) fg(x.

(@ () gkx)=2-x
sh=2=1

=-5

(iii)fg(x) = flg(x)]
-3(2—x)—4
=2 —3x

fg(x) =2 —3x.

(i1) fx)=3x-4
£k~ 2) = (10)

3(k-2)~4=—é—-(2-—10)

3k-6-4=-4
k=6
k=2

Zs)



'EXAMPLE 11| 1.1 COMPOSITE FUNCTIONS

(b) Hence, sketch the graph of y = |fg(x)] for .%
-2< x < 5. State the range of y. (F
SOLUTION | ” =
A

 fg(x) = |2 - 3x]|

3
The graph intersects the x — axis at x = %
Whenx = =2,y = |2 — 3(—2)|

=8

Whenx =5,y = |2 — 3 (5)] :
= |—13| |The rangeofyis0 <y <13 |

=13

Wheny =0, [2—-3x|=0
2—-3x=0

- z

X = |

5




1.1 COMPOSITE FUNCTIONS
EXAMPLE 12 )
Qy
s

Given f:x > 3 —4x and fg:x — 2x + 1, find the function g

fgx) = flg(x)]
=3 —4g(x)
Thus, 3 —4g(x) =2x +1
4g(x) =3 —2x -1
g(x) = £ (2 —2x)

g() = S(1-x)



1.3 INVERSE FUNCTIONS



1.3 INVERSE FUNCTION

If f : x — y isafunction that maps x onto y, its INVERSE FUNCTION is
denoted by f 1. Inverse function that maps y back to x.

If f(x) = ythen f7'(y) = x




The horizontal line test is used to determine whether a

function is one-to-one relation or many-to-one relation

y =Ax)
fxX)p--------- SEREe - Horizontal
5 line test
~ :
0 x > X

fhas an inverse function

If there is one point of intersection,
then the function is ONE-TO-ONE
relation and the INVERSE FUNCTION
EXISTS

A 4

1.3 INVERSE FUNCTION

A y=/x)
Sx)F---- foo x --- Horizontal
5 5 line test
0 Jfl 1 1;:: > X

\ NOT EXIST /

fdoes not have an inverse function

\

If there are MORE THAN ONE POINT
OF INTERSECTIONS, then the
function is a MANY-TO-ONE relation
and the INVERSE FUNCTION DOES




The diagram on the right shows the graph of y = f(x)

passing through the points P(1, 0) and Q(3, 6). On the same
diagram, sketch the graph of y = f~'(x) by showing the points
corresponding to point P and point Q.

The graph of y = f~'(x) is the reflection of the graph of y = f(x)
in the line y = x. The points P’ and Q' on the graph of y = f~'(x)
correspond to the points P and Q as shown 1n the diagram on the

right.

1.3 INVERSE FUNCTION

X

oG, 6)

y=f{x)

> X




EXAMPLE 13 1.3 INVERSE FUNCTION

Given the function f:x = 5x — 7,

find f~1(x).

Change function
y = f(x) to the form

x = f().

Replace variable y
with variable x.

(a) f(x) =5x =7 Then, f~1(y) = = 7
= =7 | en, [ ()= +7)

X = %(y +7)
Make x be the subject

If f(x) = ythen f~'(y) = x

Thus, f~1(x) = %(x + 7) Substitute y with x




EXAMPLE 14

SOLUTION




1.3 INVERSE FUNCTION

EXAMPLE 15

e Given f(x) = 2x + 1, find ff ~1(x).

SOLUTION

& ) = fIf ()]

f(x)=2x+1 _ o (x-1
lety = 2x + 1 _f(fl)
2x=y -1 =2(57) +1
xzyT_l = o

4 o x—=1

frW= Fre0 = x




EXAMPLE 16 1.3 INVERSE FUNCTION ,=

Given g(x) = x+ 1and fg:x — x* + 3, find the function f

SOLUTION f(x) = fgg?
——

fg(x) = x? +3 i

ety = x+1 FO) = (=143

x=y—1 f(x)= x*=2x+1+3
g i) =x—1 flx) = x*—2x+4



1.3 INVERSE FUNCTION

EXAMPLE 17

The diagram shows the function f

maps set A to set B and the function
g maps set B to set C

SOLUTION

e (a)(ii) gf(x) =12x+5

a)In terms of x, the function : -~
@) . b a)(i) f(x) = 3x + 2 Guna f~1(x) dari (a)(i)

Lety = 3x + 2
gx) =gff(x)

(i) which maps set B to set A,
(ii) g(x).

3x=y—2

y—2
3

gx) =4(x—2)+5

xX—2
3

g(x) =4x—3



EXAMPLE 17 1.3 INVERSE FUNCTION

The diagram shows the function f

maps set A to set B and the function
g maps set B to set C

B
X o > @ > e 12x+5

Find
SOLUTION

(b) The value of x such that
fg(x) =8x + 1.

(b)f(x) =3x+2 g(x)=4x—3

fglx)=3(4x-3)+2

fg(x)= 12x—7

12x —7=8x+1




EXAMPLE 18

1.3 INVERSE FUNCTION

Given that the function f(x) =

Fle) = == x

X

(a) Find the values of a and of b.

ax—b

x+4

(b) Hence, if f(x) = 3x, find the values of x.

,X # —4 and its inverse function,

@) =

—4x-3
xX—2

y(x —2)=—4x -3
xy — 2y = —4x -3

Llet y =

xy+4x =2y —3

x(y+4)=2y—3

2y —3
y+4

X

SOLUTION
()_2x—3
flx) = x+ 4

2x — 3 ax — b

x + 4 - x+ 4

(b)

f(x) =3x
2x —3
x+4
2x —3 =3x(x+4)

2x —3 = 3x?% 4+ 12x
3x2+10x+3 =0
Bx+1D(x+3)=0

3x

1
XxX= —=,x= —3
3

—



1.3 INVERSE FUNCTION

EXAMPLE 19 SOLUTION
The diagram represents the mapping of y .
ontoxby g(y) = 1=,y #, and the (@9 = 17— fO)=ay+b
mapping of y onto z by the function g(1) = =5 f(1)=5
5
= ay + b. _c_ _
fy) = ay 5= 1550 5=a(l) +b
(a) Find the value of a and of b. 5(1—b)=5 S — g2
i y z b=2
g 1 £




EXAMPLE 19

The diagram represents the mapping of y

ontox by g(y) = Y * = and the

mapping of y onto z by the function

fy) =ay+b.

(b) Show the function which maps z onto x

15 7
IS——,z%# =
7-27 2’

SOLUTION 1.3 INVERSE FUNCTION
9(z) = — f(z2)=3z+2 ')\j
[\
let w =3z + 2
3z=w-—2
W= 2
2= 73
Z —
_1 _
7@ =——
5
_1 _
3
1,0
gf (Z) — 7 — ZZ
3
gf M=o,z # <




Function Absolute Value Function Composite Function
1. —izarelztion Example: L Bamples: gf .fg. 9%f g
Relations —every ohject is mapped onto only one image. Given  fix) = |Zx —5]. 5 A I g g c
. . [(a) Find (i} the image of 2 and of 3, . |
1. Representations of Relations: 2. Examples: (ii} the values of x when fx) = 3. §
- : " yox (ali} Fo2d (i) flxy=23
a) Arrow Dizgram Uares g M s W =|2(2) — 5| [2x—5]|=3 -
1:I e :"‘-‘ h =1 2x — 5 =+3 flx)=3x+2
FilEY x=1 x=4 g thTiE =1 oflx)=12x +5
A functicn Mot 3 function Mot a = |2(3) — 5|
function =1 3. More Example:
3. Motation: (k) Ehetqir!i the graph of fix} for —l=x=3 Given g (x) = i _; and h(x) = 22, find
b} Ordered pairs {(—2.4), (0,0, (2.4} | | Eemple: Gven fix = or f(x)=a?. Find : ) B
{a] theimageof9 _{b) the objects of 3. () gh e g
K 11+| deon
lc] Graph s @ fO =9  _ib) fe=09 glhix)] = 5'(x) = gg(x)
2 =81 =9 T
§ (b) kg =
t x=+3 3 :_z“ ’z |z
= h(g(x)) = (x+1}2 I R
2. OTher | erms: I = G TR
Objects of 4 —2 d2. -
:::]I_ Image ::f a2 i;;_e = Inwerse Function Given a function & a composite
] Domain = {—2.0,2} 1. ! —inwarse function of . function, find the other function
{d}] Codomain = Second set. Eg; Codomain of 1(a) = {0.3,4}
{=] Range = {0,4} 2. o—4X ¥ Motes:
. 1 gix) = ghfh Yix))
3. Types of Relations: éﬂ@ 2. g(x) = b~ [hg(x))

{a] Onetoone _ {b] One to mamny (d] Many to many

{c} Many to one
Fltiy —x
=, More Examples: Given ghix) = — 1xE —z and

v

Given g ix) =J_::":—__.::|_:l'i ._':-'-"—'—;. hix) =2, find g .
{len B (e d ) (e F1 Lo B Cod) (o F3 {(a bk e B (e F1) {0a. B, Con B (e F1) Fimd E_]":I}- .
N _ ma1 h7 (x) =3
;I = Let = Ax+2 gl:.‘-t’} — ghfh I'l::::}':l
> 3 Then w(S3x 4+ 2) = x + 1
. = : ‘; _ 1—2m = gh {:}
+ ] : R R =30
31 = = -1 z e gy = 1TEE Lo 1 T aF)ez
A —1 - —_ xr2 L= =2
Ixta £
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